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An analysis of an integrated voice-data network with Demand Assignment
Time Division Multiple Access (TDMA) is presented using the following
model: (1) voice calls that cannot be serviced are blocked, whereas requests to
transmit data messages are queued; (2) no traffic boundaries are assumed, i.e.,
any new traffic arrival may be assigned to any unassigned time slot; (3)
message lengths are exponentially distributed with the mean voice message
length assumed to be much larger than the mean data message length; (4)
traffic requests are generated according to two independent Poisson processes;
and (5) time slot assignments are made instantaneously and no priorities are
assumed. Such a model applies to a single-channel TDMA network in which
voice and data traffic arrivals are serviced on a first-come first-served basis.
An approximate analysis, based upon physical insight, is presented that yields
the blocking probability for voice messages, the mean number of queued data
requests, and the mean value of the peaks of the data queue process. Compar­
isons with simulation results indicate that the analytical results are very
accurate. Performance curves are presented and compared with analogous
results for TDMA networks that handle only one traffic type.

I. INTRODUCTION

The popularity of integrated voice-data networks has motivated
numerous analyses of associated network queueing models.!:" This
paper presents an analysis of a voice-data network using Demand
Assignment Time Division Multiple Access (DA/TDMA). This work
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evolved from a study of a multichannel DA/TDMA protocol that
handles different traffic types, and that has received much attention
in the context of satellite communications.V These networks typically
have a few hundred megabits of capacity and can be used to carry
real-time digital voice traffic in addition to data traffic. Analysis in
Ref. 10 indicates that a large multichannel TDMA network (i.e., a
network with more than 100 communicating traffic nodes) behaves
much like a single-channel TDMA network with an equivalent number
of time slots per frame. We therefore concentrate on the simpler
single-channel network and attempt to characterize its performance
when used to handle both real-time voice and data traffic. The results
in this paper carry over to the multichannel case when the number of
traffic nodes in the network is large."

A TDMA protocol divides the broadcast channel into a series of
time slots of identical width. A prespecified number of time slots forms
a TDMA frame that continually repeats itself. A demand assignment
protocol assumes that when a traffic source has a message to transmit,
it must first send a message to a central controller indicating that it
wishes to transmit a message to a specified destination address. The
central controller assigns specific time slots to each received request
on a noninterfering basis. Only one time slot per frame is assigned to
each request. Once a time slot is assigned, it remains assigned to the
same traffic source for the duration of the message. We therefore
assume that each data message consists of a variable number of
packets, where the length of a packet is the number of bits per time
slot. Voice calls are assigned a dedicated time slot for the duration of
the call. (Full-duplex voice traffic actually requires two time slots per
frame, one for each direction.) Figure 1 shows an example in which
there are four time slots per frame. The numbers in each slot specify
the source and destination addresses. The controller has assigned slot
1 to the source-destination pair 1-2. Since the message generated by
source 1 requires more than one time slot, source 1 also uses the first
time slot in the succeeding frame. The number of time slots per frame
and number of bits per time slot are design parameters that can vary
from system to system. Notice, however, that an additional constraint
might be that the number of frames per second and number of bits

FRAME 1
I

FRAME 2
I

... 1-2 NOT 3-5 2-4 1-2 2-4 NOT 2-4 ...
ASSIGNED ASSIGNED

TIME_

Fig. I-Assignment of source-destination pairs to time slots.
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per time slot must be selected so that each time slot represents a 64­
kb/s circuit, which is necessary to provide toll-quality PCM voice
transmission.

As the source traffic intensity increases, so does the probability of
not being able to assign a new voice or data request because all slots
have already been assigned. New voice requests that cannot be as­
signed are blocked, whereas unassigned data requests enter a queue.
As slots become free, requests from the queue are then assigned. The
network model analyzed here is different from the models used in
Refs. 1 through 7 in one or more of the following respects: (1) Each
channel time slot can be assigned to either traffic type. In particular,
no moving boundaries'Y' are assumed that partition the time slots in
each frame into a section reserved for voice traffic and a section
reserved for data traffic. (2) The duration of each message measured
in number of time slots, or equivalently, the number ofTDMA frames,
is an exponentially distributed random variable. Furthermore, the
mean voice message length is assumed to be at least an order of
magnitude larger than the mean data message length. (3) No priorities
are assumed, so that traffic is serviced on a first-come first-served
basis.

To simplify the analysis, approximations based upon physical in­
sight are used. Results are expressions for voice blocking probability,
mean number of queued data requests, and the mean value of the
peaks of the data queue process as functions of the number of time
slots and traffic parameters. Comparisons with simulation results
indicate that these analytical results are quite accurate.

The next section describes the network queueing model in detail.
Section III presents the analytical results, and Section IV presents
performance curves and compares them with analogous curves for
systems having only one input traffic type.

II. NETWORK QUEUEING MODEL

The TDMA network is modeled as a c-server queueing system,
where c is the number of time slots per TDMA frame. We assume
voice and data traffic requests to be generated according to two
independent Poisson processes with respective arrival rates Av and Ad.
We therefore implicitly assume an infinite source model. Service times
(or message lengths) in both cases are assumed to be exponentially
distributed, with service rates /-Lv for voice messages and /-Ld for data
messages. In particular, the mean number of time slots required for a
voice message is 1//-Lv. Notice that in practice the service distribution
must be discrete, since messages can only last an integral number of
time slots. The continuous distribution assumed here is a good ap­
proximation to a "discrete" exponential distribution as long as the
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typical message length is a relatively large number of time slots (i.e.,
> 10).

Each voice or data arrival demands one time slot per frame for the
duration of the message. The rates (i.e., bits per second) at which both
voice and data messages access the channel are therefore identical.
Voice messages that cannot be assigned a time slot immediately are
blocked (i.e., disappear), whereas unassigned data requests enter a
queue. To simplify the analysis, we assume that time slot assignments
occur instantaneously, rather than at the beginning of the next frame.
In particular, as soon as a request is generated, it is immediately
assigned, assuming unassigned slots exist. This approximation is rea­
sonable as long as the average message lengths are much greater than
one time slot. Given that there are queued data requests, they are
assigned as soon as time slots are relinquished by traffic already
assigned. Voice messages that arrive while data requests are queued
are therefore blocked. As either the voice or data traffic intensity
increases, the data traffic tends to grab enough time slots to empty
any queue that may appear, thereby depriving voice traffic of available
time slots. One therefore expects that under high traffic intensities,
voice blocking probability is quite high, whereas the mean data queue
length (i.e., number of queued requests) is moderate.

An exact analysis of the model just described can be performed by
extracting the associated embedded Markov chain. In this case, the
two-dimensional state defining the embedded Markov chain is (d, v),
where d and v represent the number of data and voice messages,
respectively, in the system. Transition probabilities are easily deter­
mined in terms of the traffic parameters and number of time slots,
thus a solution for the steady-state probability distributionp(d, v) can
be theoretically obtained. If we assume that the data message queue
can be arbitrarily large, however, the number of states in the Markov
chain becomes infinite. As the dimension of the problem increases,
the amount of numerical computation required to obtain p(d, v)
increases, which in turn causes further propagation of round-off errors.
The exact analysis just outlined was attempted.'! However, it was not
successful due to finite word-length effects. The approximate analysis
in the next section is therefore proposed as a simple alternative.

III. ANALYTICAL RESULTS

We start by deriving an approximate expression for voice blocking
probability. In steady state, the minimum number of time slots per
frame needed to ensure that the system remains stable (i.e., the number
of queued data requests does not become infinite with probability one)
IS

1540 TECHNICAL JOURNAL, OCTOBER 1984



(1)

l~:J + 1,

where l x J denotes the largest integer less than x. If the number of
slots is less than this amount, then the system would be unstable even
with no additional voice traffic. If the number of slots is greater than
this amount, then the system must be stable since unassigned voice
requests disappear, and because voice requests cannot preempt queued
data requests. All queued data requests must therefore be assigned
before any voice messages can be assigned.

The number of time slots per frame available for data messages is a
random process that varies according to how many time slots are
assigned to voice traffic. Assuming that the mean service time for
voice messages (1/J.lv) is orders of magnitude greater than the mean
service time for data messages (1/J.ld), the voice "state", i.e., number
of voice-occupied slots per frame, varies much more slowly than the
data state, which is the total number of data messages present in the
system. It is therefore a good approximation to assume that the time
spent in each voice state is much longer than the time it takes the
number of data requests present in the system to reach steady-state
behavior. This "steady-state approximation" is the basis for the anal­
ysis that follows. Using this approximation, it follows that if the
number of voice messages in the system is greater than or equal to

Vo == e -l~:J,
the normalized data traffic intensity conditioned on the number of
voice-occupied slots, Ad/[(e - VO)]J.ld, is greater than one, and data
requests become queued with probability one. Since the number of
queued data requests is assumed to reach steady-state behavior, this
queue cannot be emptied until a voice message relinquishes a time
slot. The steady-state approximation therefore implies that the num­
ber of voice messages in the system is never greater than Vo. Computer
simulations of the queueing model considered have verified that the
probability of the voice state v becoming greater than Vo is indeed very
small when J.lv is much less than J.ld. The "competition" of voice and
data traffic for available time slots can therefore be expected to
produce intermittent queue "spikes," representing times at which the
voice state v = Vo. During this time, the data queue process experiences
a "transient instability."

Given that v time slots are assigned to voice traffic, the probability
that an incoming voice message is blocked is equal to the probability
that the number of data requests in the system, d, is greater than or
equal to e - v. Using the steady-state approximation, this is simply
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(2)

the steady-state probability that a queue exists in an MIMic - v
queueing system and is given by12

Po (Ad)C-V 1
p(d 2: c - vlv) = (c _ v)! /-Ld 1 - (Adl/-Ld) '

where

[
C-V- l 1 (Av)k 1 (Av)C-V 1 ]-1

Po= L - - + -
k=O k! /-Lv (c - v)! /-Lv 1 - (Avl/-Lv)

The blocking probability for voice traffic is therefore
va

PB = L p(d 2: c - v Iv)p(v),
v=o

(3)

(4)

where p(v) is the probability that v time slots are assigned to voice
traffic.

Consider now a blocking system with Vo servers and one Poisson
input. Given v < Vo, let 41v denote the probability that a new arrival
can be served (i.e., even though all servers are not busy, a newly
arriving request is blocked with probability 1 - 41v)' Assuming expo­
nential service times, the probability that v servers are busy is known
to be12

1 (Av)V v-I- - II 41j

p(v) ~ ~Vi ( r' l1 A 1-

L - ~ II 41·
i=O i! /-Lv j=O )

(5)

This exactly describes the voice-data system considered, where the
"entrance" probability,

41v = p(d 2: c - v Iv), (6)

and is given by (2). Substituting (2) and (5) into (4) therefore gives
the desired result. Notice that because the arrival processes are Pois­
son, the blocking probability PB is equal to the probability of being in
a blocking state (i.e., all time slots are busy), which is equal to the
probability that data requests are queued.

An analogous argument can be applied to compute the mean number
of queued data requests. Denoting this queue length as q, we have

va

E(q) = L p(v)E(q Iv),
v=o

(7)

where E(q Iv) is the mean number of queued data requests given v
assigned voice messages. Assuming /-Lv « /-Ld implies that E(q Iv) is
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o =:;; v < Vo, (8)

approximately equal to the mean queue length for an MIMic - v
queueing system," i.e.,

E(q Iv) ~ .i»: (Av)C-V (c - V)Avllv 2'

c - v Ilv [(c - V)llv - Av]

where Po is given by (3). If v = Vo, this expression no longer applies,
however, since the system becomes unstable. To approximate E(q Ivo),
note that when v = Vo, the mean data queue length increases approx­
imately at rate Ad - (c - VO)lld until a voice message relinquishes its
time slot. At this point the queue starts to empty at rate (c - Vo + l)lld
- Ad. As the queue empties, more time slots may be relinquished by
voice messages, causing the queue to empty at a faster rate. Suppose
that we assume

11~E(q Ivo) ~ - E[q(t)]dt,
to 0

(9)

where to is the duration of the queue spike and q(t), 0 =:;; t =:;; to, is the
queue length as a function of time (given that v increased from Vo - 1
to Vo at t = 0). Furthermore, we assume that E[q(t)] is piecewise linear
(fluid flow approximation)." Then it is shown in Appendix A that

E( I ) 1{I Ad - Ild q~q Vo ~ - - 2 + -------'.""-----
to 2 (Vollv) 2[(c - Vo + lo + l)lld - Ad]

+ ~ 2( 1 .) [qj-l + qj]} , (10)
j=l Vo - J Ilv

where

and

io = max{ilqi > 01.

(11)

(12)

(13)

Substituting (5), (8), and (10) into (7) therefore gives the approximate
mean queue length.

The expressions for voice blocking probability and mean data queue
length presented thus far have been found to be quite accurate when
compared with simulation results. To gain further insight into the
behavior of the system, however, we now attempt to characterize the
transient instabilities, or queue spikes, which occur when v = Vo.
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3.7 Analysis of transient instabilities

Figure 2 illustrates the problem under consideration. The queue
spikes appear whenever the voice state is equal to Vo. Not shown are
queues that occur when the voice state v is less than Vo. The height of
each spike is denoted as du, the duration of each spike is denoted as
r», and the time between spikes is denoted as T. Figure 2 is not meant
to indicate a typical sample function for the data message queue
process. Significant queues appear when v < vo; however, the purpose
of the following analysis is to determine whether the transient insta­
bilities shown in Fig. 2 cause serious performance degradation.

We begin by computing the distribution of the peak value of each
spike. Let p(d, t) denote the probability that d data messages are
queued at time t, given that v = Vo. At t = 0 we assume d = O. The
following equations can be derived in a straightforward manner.P

d ~ ~ -
dt p(d, t) = AdP(d - 1, t) - [(c - VO)lld + Ad]P(d t)

+ (c - vO)lldP(d + 1, t) for d> 0 (14a)

and

Solving (14) gives the probability that the maximum queue length is
equal to d given the time until the first voice departure is t. (Recall
that as soon as v decreases from Vo to Vo - 1, the mean queue length
decreases.) We know, however, that the time until the first voice
departure is exponentially distributed with parameter Vollv, so that

qM(dM) == Prjmaximum queue length = dMI

= 100

vOllve-VoJlvtp(dM, t)dt

(15)

TIME-

Fig. 2-Transient instabilities in the data queue process.
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where

QM(S, dM) = loo e-stp(dM, t)dt (16)

is the Laplace transform of p(dM , t). Equations (14a) and (14b)
are standard "birth-death" equationa." The Laplace transform,
QM(S, d), can be computed directly from (14) and is given by

Q ( d ) = r~M(s) (17)
M s, M (c _ vO)tld[rl (s) - 1] ,

where
1

rl(s) = 2( ) Is + Ad + (c - VO)tld
C - Vo tld

+ ..;r.[s-+-:-::A-d-+----;-(c---v-o):-tl-d]:;<;"2----:-4-;-(c---V--;o)-tl---:dA'--d 1 (18a)

and
1

r2(s) = ( ) Is + Ad + (c - VO)tld
2 c - Vo tld

- ~[s + Ad + (c - VO)tld]2 - 4(c - vo)tldAdI. (18b)
We therefore have

where

(20)

Since

(21)

it follows that

(22)

The distribution of the maximum of the queue spike is therefore
geometric with parameter r2(vOtlu). Consequently,

(23)

and

(24)

Notice that as tlu decreases relative to tld, E(dM ) increases.
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A sample path of the number of queued data requests versus time is
shown in Fig. 3. (Every 10th sample is plotted.) Queues periodically
build and empty, which suggests that as an approximation, the mean
value of the peaks of these buildups is given by (23). This approxi­
mation becomes more accurate as ILv decreases relative to ILd. Note,
however, that (23) gives the mean value of the peaks of the queue
process with initial conditions v = va and d = 0. It is possible that the
mean value of the peaks of the queue process, assuming v < va, is
larger than that predicted by (23). [In some cases, the conditional
mean queue length given by (8) for v = va - 1 is in fact larger than
E(dM ) . ] A better approximation to the mean value of the peaks of the
queue process can be obtained by computing the conditional means
assuming v = 0, 1, ... , va, and then using the distribution p(v) given
by (5) to form a weighted average. As the present analysis is concerned
with evaluating the performance degradation caused by transient
instabilites, this computation was not performed.

We now compute the mean duration of the queue spike. Denoting
this quantity as Tw , it is apparent that

(25)

where TW .l is the mean time it takes the queue to reach its maximum
value given v = va, and Tw,2 is the mean time it takes the queue to
empty. From the previous discussion,

_ 1
Twl=--'

, VolLv
(26)
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Let rd,v denote the mean time it takes to reach state d = 0 (i.e., no
data message queue) given an initial state of d queued data messages
and v voice-occupied time slots. We have the following transition
equation,

1
id,v = u(v) + Pvid-l,v + Qv id+1,v + wvid,v-l (27a)

with initial condition

where

io,v = 0, (27b)

u(v) == vu; + (c - V)lld + Ad (28)

and 1![u(v)} is the mean amount of time spent in state (d, v) before a
state transition occurs, and

(29a)

(29b)

(29c)

and
Vllv

wv = u(v)

are, respectively, the probabilities of going to states (d - 1, v), (d +
1, v), and (d, v - 1) from state (d, v). Equation (27) is a two-dimen­
sional difference equation that is nonlinear in v. Notice, however, that
we desire

00

i w,2 = L qM(d)id,vo-l
d=O

= [1 - r2(vollv)} L r~(vOllv)id,vo-l
d=O

= [1 - r2(vollv)]D [ (1 )' Vo - 1] , (30)
r2 Vollv

where

D(z, v) = L z-aid,v
d=O

(31)

is the partial z-transform of rd,v' An iterative method for computing
D(1![r2(vollv)}, Vo - 1) is discussed in Appendix B.

To compute the mean time between unstable periods, we first define
Tv as the expected value of the first passage time it takes to go from
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an initial voice state v < Vo to voice state Vo. The mean time between
unstable periods is then

vO-I

T = L p*(v)Tv,
v=O

(32)

where p*(v) is the probability that the voice state is v at the end of a
queue spike (i.e., when d returns to zero). The computation ofp*(v) is
similar to the computation of Tw• In particular, let p(v IVI, d) denote
the probability of v voice-occupied time slots at the end of an unstable
period given an initial state (Vb d). The following transition equation
is easily obtained,

p(v IVb d) = q.pi» IVb d + 1)

+ Pvp(v IVI, d - 1) + wvp(v IVI - 1, d), (33a)

where q., p.; and W v are defined by (29). The initial conditions are

and

p(v Iv-I, d) = 0 (33b)

( I 0) {
I if V = VI (33 )

p V VI, = 0 otherwise. c

In analogy with (27), (33) is a two-dimensional difference equation
that is nonlinear in v. As before, we desire

ec

p*(v) = [1 - r2(vO)] L r~(vollv)P(V IVo - 1, d)
d=O

= [1- r2(vo)]D [ (1 )' vivo -1], (34)
r« Vollv

where

D(z, VIvd = L Z-dp(V IVI, d).
d=O

(35)

An iterative method for computing D(z, VIVI) is discussed in Appendix
B.

The mean time between unstable periods, given the initial starting
state, can be approximated by again assuming voice traffic service
times are very long relative to data traffic service times. For each voice
state, we assume that the data traffic exhibits steady-state behavior.
This leads to the following difference equation,

(36)

where
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(37a)
1

t v = - - - -
Av<Pv + uu;

is the mean time spent in voice state U before going to state U - 1 or
U+ 1, <Pv is the "entrance" probability for an incoming voice message
and is equal to the probability that a data message queue exists, and

(37b)

(37c)

and

Av<Pv
Sv = -----=--'--'---

Av<Pv + uu;

are, respectively, the probabilities of going from voice state U to state
U - 1 and from voice state U to state U + 1. In Appendix C we show

T = ~ vf {(Jlv)j j! [1 + j~ (Jlv)m-j -yi-m-l ]} (38)
v Av j=v Av 'Yj m=O Av (j - m)! '

where
j

'Yj = II <Pm.
m=O

(39)

Therefore, computation of Tv and p*(u) by way of (38) and the
method given in Appendix B, respectively, yields the mean time
between unstable periods. The relative frequency, or probability, that
the system is in an unstable state (u = uo) is approximated by

Tw
Pu = s; + T' (40)

where Tw and T are given by (25) and (32), respectively. Notice that
this expression should be approximately equal to the value of p(uo)
obtained using (5).

This completes the presentation of analytical results. These results
are used in the next section to evaluate the performance of an inte­
grated voice-data TDMA network, and to demonstrate the improve­
ment over analogous TDMA networks that handle only one traffic
type.

IV. PERFORMANCE RESULTS

The objective of this section is to demonstrate how the integrated
voice-data network described in Sections I and II performs as a
function of (1) input traffic intensity, (2) traffic blend (ratio of voice
traffic intensity to total traffic intensity), and (3) system size, as
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measured by the number of time slots. In all cases, half-duplex voice
traffic is assumed. We expect the full-duplex case, where each voice
message requests two time slots, to exhibit similar behavior. Denoting
the voice traffic intensity as Pv= Av/(Cllv), and the data traffic intensity
as Pd = Ad/(clld), where C is the number of time slots, the total
normalized offered load is defined as

P = Pv + Pd,

and the traffic blend is
Pv
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Fig. 4-Voice message blocking probability versus offered load for integrated systems
with: (a) 20 slots and single traffic systems with 2, 10, and 18 slots; (b) 100 slots and
single traffic systems with 10, 50, and 90 slots.

data traffic increases. As r decreases, voice messages therefore often
have access to additional time slots not used by data traffic. At a fixed
traffic intensity, as r decreases, the blocking probability produced by
the integrated system should therefore decrease, relative to the block­
ing probability produced by the analogous voice-only system. A final
observation is that as the traffic intensity decreases, blocking proba-
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Fig.4(c)-Voice message blocking probability versus offered load for integrated
systems with 500 slots and single traffic systems with 50, 250, and 450 slots.

bilities obtained using the integrated systems become insensitive to
the traffic blend. This is in contrast to the analogous voice-only
systems, which result in a much wider variation in blocking probabil­
ities as the number of time slots is varied.

Figures 5a, 5b, and 5c show plots of mean data message queue length
(number of queued data requests), computed by means of (7), (8), and
(10), versus normalized offered load for systems with 20,100, and 500
time slots, respectively. Curves are again shown for three different
traffic blends. Also plotted is the mean number of queued data requests
produced by a system handling data traffic only with c time slots.
Close agreement was again found between randomly selected points
from these figures and computer simulation results. At high traffic
intensities, the variation between curves is caused by the different
traffic loads, at which the mean data queue length approaches infinity.
In particular, the single traffic curve has its asymptote at P = Pd = 1.
In contrast, because queued data messages can grab relinquished voice­
occupied time slots, the integrated traffic curves have asymptotes at
Pd = 1, which corresponds to P = 1.1, P = 2, and P = 10 for r = 0.1,
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r = 0.5, and r = 0.9, respectively. Mean queue length in these high
traffic intensity regions is not of interest, however, since the corre­
sponding voice blocking probability is near unity.

Figures 6a, 6b, and 6c show plots of E(dM ) given by (23) versus
offered load, which indicates the mean value of the maximum of queue
buildups. The discontinuities in Fig. 6a are caused by discontinuous
changes in the voice instability state va as a function of traffic load.
As an example, for the case c = 20 and r = 0.5 shown in Fig. 6a, va
changes from 14 to 13 as the traffic intensity p increases from 0.7 - f

to 0.7, where f is small. Discontinuities were observed in all curves
shown in Fig. 6; however, in most cases these discontinuities were
hardly noticeable. In particular, as the number of slots c increases,
E(dm ) becomes less sensitive to changes in va. A comparison of the
results in Figs. 6a, 6b, and 6c with simulated sample paths of the data­
message queue process indicates that the results presented here are
typically about 10 to 25 percent smaller than the actual peaks observed,
indicating that the peaks that occur when v < va are often greater
than those that occur when v = va. As J-Lv decreases relative to J-Ld,
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however, E(dM ) given by (23) should give a more accurate indication
of the mean value of these peaks.

For each point computed in Figs. 4 through 6, the probability of
being in an "unstable" state p(vo), the mean duration of the unstable
state (Tw ), and the mean time between unstable states (T) were
calculated by means ofthe results in Section 3.1. A few representative
points are listed in Table I. The probability of being in an unstable
state and the resulting queues that form are typically too small to
cause significant degradation in system performance.

v. CONCLUSIONS

Results obtained from the analysis of an integrated voice-data
TDMA protocol indicate that voice message blocking probability in
the integrated system is insensitive to the blend of traffic at low input
traffic intensities. As the traffic intensity increases, the blocking
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Table I-Mean duration of unstable state (Tw in number of frames),
mean time between unstable states (f in number of frames), and the

probability of being in an unstable state [p(vo)] for a few
representative cases (assuming r = 0.5)

Time Slots Load (p) Tw T p(vo)

20 0.6 129.2 2.05.105 6.3·10-·
20 1.0 191.8 2898 0.062

100 0.7 44.8 1.85.109 2.4.10-8

100 1.0 60.8 4.15·10· 0.0015
500 0.85 6.66.106 4.12.10 19 1.6.10-13

500 1.0 2.88.107 5.87.1013 4.9.10-7

probability of the integrated system increases, relative to the blocking
probability of the analogous voice-only system. The traffic intensity
at which the two blocking probability curves intersect is a function of
the traffic blend. Mean queue length in the integrated system displays
a wide variation with traffic blend at high traffic intensities, due to
the variation in traffic intensity at which instability occurs. At offered
loads of 0.7 to 0.8, very good performance can be achieved (i.e., a
blocking probability <0.01 and a mean queue length near zero) with
moderately sized systems (-100 slots/frame). Finally, the data mes­
sage queues that form during the unstable transients are moderate for
the cases examined, and the frequency at which these transients occur
is in most cases quite small. As the number of time slots per TDMA
frame increases, results presented here show significant improvements
in system performance. This is an important observation since most
practical networks are much larger than those considered here (i.e.,
greater than 1000 time slots per frame).
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APPENDIX A

We wish to show (10) using the approximation (9). In addition, we
assume that E[q(t)] is piecewise linear. (This would be true, for
instance, if the data message queue length q(t) were allowed to assume
negative values.) At time t = 0 we assume that the state of the system
is (vo, c - vol. Let tv(i) denote the mean time it takes i + 1 voice
messages to relinquish their time slots. Then

. i 1
tv(l) = L ( .)'

j=O Vo - J J.Lv

and
E[q(t)] ~

(
qMVO/lvt
E{q[tv(i)Jl- [(c- Vo + i+1)/lr N][t - tv(i)],

(43)

O<t<tv(O) )
tv(i)<t<tv(i+ 1) , (44)

where qM is the peak value of E[q(t)] and is given by

(45)

Notice that for t> tv(O),

Elq[tv(i)]1 == iii = iii-l
- [(c - Vo + i)J.Ld - Ad][tv(i) - tv(i - 1)]

= qu - L [(c - Vo + j)/ld - Ad] ( 1 .) . (46)
j=l Vo - J /lv

To calculate the area under E[q(t)], we must first compute

to == inflt IE[q(t)] = 0 and t> 01.

Letting
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it follows that

io = maxlz] c]i > OJ, (48)

(49)

(51)

E[q(t)) = c]4J - [(c - Vo + io + l)~d - Ad][t - tv(io)), (50)

and setting c]4J = 0 gives

c]4J (. )to = . + tv Zo •
(c - Vo + Zo + l)~d - Ad

A plot of E[q(t)), 0 -s t :s to, assuming three voice departures (io =
2) is shown in Fig. 7. If we use (9), it follows that

1 4J+l
E(ql vo) ~ - L Ai>

, to j=O

where Aj is the area of region Rj • It is apparent that

A
o

= ~ qM = ~ Ad - (c - VO)~d
2 tv (0) 2 (VO~v)2

and that

A4J+l = ~ [to - tv(io)]q4J

-2
= q4J

2[(c - Vo + io + l)~d - Ad]'

(52)

(53)

(54)

Finally, regions RI, "', R4J are trapezoids with upper-boundary
E[q(t)), so that for 1 -s j :s io,

o

Fig. 7-Mean queue length versus time during transient instability.
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(59)

1
Aj = 2 [tv(j) - tv(j - l)](qj-l + qj)

1
= 2( .) (qj-l + qj). (55)

Vo - J Jlv

Substituting (51) and (53) through (55) into (52), and using (43) and
(46) gives (10).

APPENDIX B

We are interested in computing Dl1/[r2(voJlv)], Vo - 11 and Dl1/
[r2(voJlv)], v IvI!, where D(z, v) and D(z, v Ivd are given, respectively,
by (31) and (35) and r2(vOJlv) is given by (18b). Multiplying both sides
of (27a) by z-a and summing from d = 1 to infinity gives, after
algebraic manipulation,

D( ) = (z - l)[vJlvD(z, v - 1) - AdTl,v] + 1 (56)
z, v z(l _ z)s(v, Z-I) ,

where

s(v, z) = Jld(C - V)Z2 - [(c - V)Jld + Ad + VJlv]z + Ad, (57)

which has real roots

where k = 1 corresponds to "+", k = 2 corresponds to "-", and u(v) is
given by (28). Notice that the roots rk(vO) given by (58) are identical
to the roots rk(vOJlv) given by (18). For convenience, we therefore refer
to the roots rk(voJlv) as rk(vO), for k = 1, 2. From Rouche's Theorem,"
it follows that r2(v) < 1 and rdv) 2: 1. The z-transform, D(z, v), must
be analytic outside the unit circle, and hence 71,v in (56) must be
selected to cancel the pole at 1/[r2(v )]. In particular, s(v, Z-I) has roots
l/[rl(v)] < 1 and 1/[r2(v)] > 1, so that

- _ VJlv D[_l_ _ 1] + r2(v)
71 v - , v .. Ad r2(v) [1 - r2(v)]Ad

As an example, suppose that we assume the data message queue
empties with probability one before k + 1 voice messages relinquish
their time slots. Once the voice state becomes v = Vo - k - 1, the voice
service rate Jlv = O. Substituting these values for Jlv and v in (56) gives

D(z, Vo - k - 1)

1560 TECHNICAL JOURNAL, OCTOBER 1984



where from (58),

rdvo - k - 1) = 1 and r2(vO - k - 1)

(61)
(c - Vo + k + 1)1!d'

Selecting 71,Vo-k-l to cancel the pole at 1/[r2 (vo - k -1)] and simplifying
gives

z 1
D(z, Vo - k - 1) = 2 , (62)

(z - 1) 1!d(C - Vo + k + 1) - Ad

which has inverse transform

(63)
a

Tcl,vo-k-l = 1!d(C - Vo + k + 1) - ~ .

Equation (62) constitutes an initial condition for (56), which can be
iterated numerically using (59). In particular, assuming no more than
k voice messages can relinquish their time slots after the queue begins
to empty, D(z, Vo - k - 1) for z = 1/[r2(vo)] and z = 1/[r2(vo - k)] is
calculated from (62). The value of 71,vo-k is subsequently computed
from (59) and is used in (56) to compute D(z, Vo - k) for z = 1/[r2(vo)]
and z = 1/[r2(vo - k + 1)]. Equation (59) is subsequently used to
compute 71,vo-k+l' which is used to compute D(z, Vo - k + 1), and so
forth until Dll/[r2(vo)], Vo - 11 is computed.

To compute D(z, v IvI) given by (35) at z = 1/[r2(vo)], we multiply
both sides of (33a) by Z-d and sum from a= 1 to infinity to get

-v1!vD(z, v Ivd + AdP(vIVI + 1, 1)
+ V1!vOv,vI - [u(v) - AdZ]OV,VI+l, (64)D(z, v IVI + 1) = ----'-...:........:"'-'-L--'=--:-'--'--_"----'-...:..:.:..!.~

zs(v, Z-l)

where oij is the Kronecker delta. Using the condition (33b) gives the
boundary condition

D(z, VI IVI - 1) = O. (65)

Because D(z, v IVI) must be analytic outside the unit circle, p(v IVI> 1)
is selected to cancel the pole at z = 1/[r2(vo)]. This implies that

p(v IVb 1) = v~v {D[r2~V)' V IVI - 1] - OV,VI-1}

(66)

To compute D(z, VIVo - 1) at z = 1/[r2(vo)] for V = Vo - 1, Vo - 2,
... , Vo - k - 1, where k is the maximum number of voice departures
allowed, the boundary condition (65) is first used in (66) to get
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(67)( 0' 0 1) _ u(vo - j) r2(VO- j) - Ad
P Vo -) Vo - ), - "\ ( 0) ,I\dr2 Vo - )

which is used in (64) to compute

D(
01 0) _ AdP(VO - jl Vo - j, 1) - [u(vo - j) - ~z]

z, Vo -) Vo -) - (0 -1) ,
ZS Vo -r ], z

where j is initially one and ranges from one to k + 1. This expression
is evaluated at z = 1/[r2(vo - j)] and substituted into (66) to obtain
p(vo - j 1Vo - j + 1, 1), which is used in (64) to compute D(z, Vo - j 1Vo
- j + 1) at the appropriate values of z. This procedure continues until
the value of Dll/[r2(vo)], Vo - j IVo - 11 is obtained, whereupon j is
incremented and the procedure starts over again. In this way the
values Dll/[r2(vo)], Vo - j 1Vo - 11 for j = 1, 2, ... , k + 1 are generated
systematically.

APPENDIX C

We wish to show that (38) is the solution to (36). We first rewrite
(36) as

for 0:5 v :5 Vo,

- ( VJLv) - vJLv - 1
T V+1 = 1 + Av¢v Tv - Av¢v T v-1 - Av¢v'

Letting

(68) can be rewritten as

VJLv 1
Yv+l = Av¢v Yv - Av¢v'

which can be iterated to give

_ (JLv)k+l V!'Yv-k-l _ ~ i. (JLv)m v!'Yv-m
Yv+l - Av (v - k - 1)!'Yv Yv-k Av m=O Av (v - m)!'Yv '

where 'Yv is given by (39). Using the initial condition,
- - 1

Yl = T 1 - To = - -- ,
Av¢o

and substituting k = v-I in (71) gives

1
( )

v '[ v-I ( )m-v ]JLv v. 1 ~ JLv 'Yv-m-lYV+l = - - - - + L.J - , •
Av Av 'Yv m=O Av (v - m).

From (69),
v

Tv = L Yj + To,
j=1

1562 TECHNICAL JOURNAL, OCTOBER 1984

(68)

(69)

(70)

(71)
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which has boundary condition
vor; = L Yj + To = O.
j=l

This implies that
Vo

To = - L Yj,
j=l

so that
Vo

Tv = - L Yj·
j=v+l

Combining (73) and (77) gives (38).

(75)

(76)

(77)
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